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AbB  tract 


The  electromagnetic  field  is  found  for  an  infinitely- thin  per- 
fectly-conducting helix  subject  to  a  monochromatic  excitation.     It  is  first 
assTomed  that  such  a  field  would  induce  a  einusoidal  current  on  the  helix. 
The  retarded  vector  potential  is  then  constructed  from  this  assumed  current. 
Finally  the  propagation  constant  for  this  current  is  determined  so  that  the 
electric  field  along  the  helix  is   'essentially'   sero,   ttaus  estahlishing  the 
correctness  of  the  initial  assun^jtion.     The  phase  velocity  along  the  helix 
itself  which  corresponds  to  this  propagation  constant  is  In  fact  equal  to 
the  free  space  velocity  of  propagation,     A  Bessel  ftinction  expansion  is  foand 
for  the  electromagnetic  field  from  integral  evaliiations  of  the  type 


,.-         IkR  IV  -   I     .    , 

«  V    ^^5      -    »m>_^e^?     I(ra)l(r   /) 

•tt  <r^_ji  I  n      n        n      n-' 


-00  ^^ 


where  E  =/f  ^  ■••  a^  +/^  -  2a^co8  (  f  -  ^/'C)     ,     P^  ^  (/  -  n/oi  f-)^^   andy>>  a. 

It  turns  out  that  for  a  given  hallx  there  are  certain  frequency  hands  in  \Alch 
the  system  radiates.     This  result  was  not  present  in  the  cruder  helical  idealiza- 
tions previously  investigated.     A  method  is  suggested  whereljy  one  could  extend 
the  results  of  this  paper  to  helices  of  finite  wire  diameter  in  the  non-radiating 
case.     The  p^er  concludes  with  a  discussion  of   energy  flow  considerations. 
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1.  Introchictlon 

In  this  paper  we  are  concerned  with  finding  the  electromagnetic 
field  produced  "by  sin  infinitely-thin  perfectly-conducting  helix  subject  to 
a  monochromatic  excitation.  The  helix  has  come  in  for  a  considerable  amount 
of  attention  in  recent  years  because  of  its  use  in  an  ultra-high  frequency 
euiplifier  known  as  the  traveling  ware  tube  ^2]  ,  This  tube  makes  use  of  the 
feu;t  that  an  electromagnetic  field  travels  along  the  asis  of  the  helix  with 
a  phase  velocity  considerably  less  than  the  velocity  of  light.  An  electro- 
magnetic signal  is  introduced  at  one  end  of  the  helix  together  with  an 
electron  beam  which  is  shot  down  the  axis  of  the  helix  at  about  the  phase 
velocity  of  the  signal.  The  signal  and  electron  beam  interact  in  such  a  way 
as  to  amplify  the  signal. 

The  electromagnetic  field  produced  by  a  helix  has  been  investi- 
gated by  I.   Ollendorff  [l]  ,  by  S.  A.  Schelkunoff  [2],  by  R.  S.  Phillips  and 
H.  Malin  pi,  and  others.  These  investigations  were  based  on  a  model  con- 
sisting of  a  circular  cylinder  ^ich  conducts  only  in  a  given  helical  direc- 
tion*.   The  symmetry  of  this  idealisation  corresponds  to  that  of  cylindrical 
coordinates  so  that  such  a  model  yields  to  the  usual  separation  of  variables 
approach.  We  have  followed  a  different  line  of  attack. 

We  start  off  by  assuming  that  the  effect  of  the  monochromatic 
elect romsignetic  field  would  be  to  induce  a  sinusoidal  electric  current  on 
the  helical  conductor;   and  that  this  current  travels  along  the  helix  with 
a  real  propagation  constant^  in  the  axial  direction.  ♦♦  The  electromagnetic 
field  (for  arbitrary  ^d  )  is  in  turn  represented  by  means  of  the  retarded 
vector  potential  [h,   p.  I65J  •  If  the  initial  as8U0«ption  as  to  the  nature  of 
the  induced  electric  current  on  the  helix  is  correct,  then  it  is  possible  to 
determine^/  so  that  the  proper  boundary  conditions  at  the  helix  are  satisfied. 
In  other  words,  we  attempt  to  determine^  so  that  the  electric  field  (as  deter- 
mined by  the  retarded  vector  potential)  vanishes  in  the  helical  direction  on 

♦  By  helical  direction  we  mean  the  direction  of  a  rector  field  which,  in  cylin- 
drical coordinates,  has  the  components 

r^       »  0,   Vy   =  a,   v-^  '  < 

**  That  is  the  amplitude  varies  as  cos{,j3  %  -cjt)     where  z  is  measured  In  the 
axial  direction  and  uj  is  the  radial  frequency. 
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the  helix.   Dae  to  the  singular  nature  of  an  infinitely-thin  perfect  con- 
ductor, it  is  not  possihle  to  chose ^  so  that  the  electric  field  in  the 
helical  direction  £.  actually  ranishes.  It  is,  however,  possihle  to  find 
a  real  number  ^^  so  that  the  ratio  ]Bj^(^^)/]E^(^^  ^^)  approaches  zero  as  the  helix 
is  approached  radially.   It  will  turn  out  that  the  JS     so  determined  corres- 
ponds to  a  phase  velocity  along  the  helix  itself  equal  to  the  free  space 
wave  velocity  c.  In  fact 


^0 


=  !k 


f7l 


oC 


2 


where  k    =  €/<^<^,  *J "being  the  radial  frequency  of  the  field 
a    =     radius  of  the  helix 
oC    =     2n  times  the  distance  between  turns  on  the  helix. 

The  retarded  vector  potential    II    is  defined  as      {\,p.l65j 

(1.1)      TTc^c.y.*,*)  =  Ay -i^  dfl  . 


where 


[i]  =  current  vector  at  a  point  (  ^ ,  '^  ,  ^  )  of  the  helix  at  time 
(t  -  r/c),  c  "being  the  free  space  wave  velocity 


r  =l/(x-^)^*  (y'-7)^+  («-?)^ 
a  =  arc  length  along  the  helix 
A  -     scalar  faictor. 

Then 

(1.2) 

H  =  -IW  €   V  xl[. 

Thus  once  J3     is  determined,  TTis  known  emd  hence  "by  (1,2)  "both  S  and  H  are  known. 

We  have  further  "been  a"ble  to  evaluate  the  integral  expressions  for 
the  electric  and  magnetic  fields  given  "by  (1.2)  in  terms  of  Bessel  function  expan- 
sions. These  are  given  ejq>licitly  in  the  equations  (3.6)  and  (6«3)>  One  rather 
surprising  result  "becomes  evident  on  examining  these  equations.  If  for  some 


Talue  of  n,  we  have 

then  Haokel  function  terms  appear  in  these  expansions.  Physically,  this  means 
that  the  system  will  radiate  if  the  above  inequality  is  satisfied  for  some  n. 
This  result  is  unexpected  on  two  counts.  In  the  first  place  in  the  earlier 
idealizations  of  the  helix  as  a  helical  cylinder,  radiating  modes  were  not 
possible.  In  the  second  place  radiating  terms  in  the  presence  of  a  real 
propeigation  constant  appears  contradictory.  However,  this  can  be  explained 
by  the  fact  that  the  axial  flow  of  energy  is  always  infinite  whereas  the  radi- 
ating terms  cause  only  a  finite  radial  flow  of  energy  per  Tinit  distance  in  the 
axial  direction. 

In  proceeding  with  this  general  program,  we  show  in  section  2  that 
the  integral  defining  the  retarded  vector  potential  TTconverges,  a  fact  which 
because  of  the  singular  nature  of  the  integral  is  by  no  means  evident.  In 
addition  we  obtain  an  evaluation  for  ll   In  terms  of  Bessel  functions.  The  cen- 
tral result  here  is 


.as 

where 

and 


/f  ^  +  a^  +y  ^  -  2ay  cos  if  ~    ^/d) 


B 


th 
Here  I  and  K  are  modified  Bessel  and  Hankel  functions  of  n   order.  If 

for  a  particular  n,  P     la  imaginary,  then  the  corresponding  term  in  (I.3)  is 

to  be  replaced  by  2n^  ie^'^^  J  (^a)  H^^\r  f)   where  T  "/k^  -  (/-  "Af 

n    n         n        "^^  xi 

In  section  3  we  prove  that  71  may  be  differentiated  either  by  differ- 
entiating under  the  integral  sign  or  by  differentiating  its  series   expansion 
term-wise,     Ve  then  show  that  II  satisfies  the  homogeneous  wave  equation  at  points 
not  on  the  helix.     Also  in  section  3  explicit  expressions  for  the  electromagnetic 
field  are  obtained.     Finally  in  section  k  the  propagation  constant  y5  is  determined 
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80  that  the  'boundary  oondltions  for  tiie  helix  are  eatiefied. 

A  concluding  section  summarizes  the  findings  of  the  paper  and  goes 
more  deeply  into  the  physical  significance  and  reasonatleness  of  our  result.  A 
method  is  suggested  for  extending  our  results  in  the  absence  of  radiating  terms 
to  the  case  of  a  helix  made  from  a  finite  wire  conductor.  The  appendix  is  con- 
cerned with  the  details  of  snergr  flow  calculations. 

In  cylindrical  coordinates,  the  equation  for  the  helix  Is 

(l.U)  fy'-a 

The  assumed  current  along  the  helix  Is  the  real  part  of 


-Itot 
e 


<i-5)  '  yTT^Z^ 


v  = 

0 

V" 

I 

,M. 

^  = 

I 

.M« 

-io^t 
e 


The  retarded  potential  at  the  point   (/> ,    a> ,   z)  and  time  t   is  the  real  part   of 

Wy,     ^  b3J  ^ sin  ( <^  -    %)  d  ^ 

-n-  Z**!/??     +  ilcr 

(1.6)  ''^"^i4^ ^ cos(^-^df 

ry^  *  ikr 

If  we  replace  sines  and  cosines  "by  their  exponential  representations, 
we  see  that  all  of  the  Integrals  in  (1,6)  are  essentially  of  the  type  found  In  TT  . 
The  notation  of  the  next  section  will  "be  somewhat   simplified  If  we  make  a  change 
of  variable  ?  =  ?  -  «  in  these  integrals.     Then 

(1.7)  J^y^    4^  if     =.M'/.W'j^'    ,f' 

where  __^ 

r«  =   /f '^  +  a^  V'^  -  2ay  cos   [(^o    -^A)-  ^/«] 
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2.  Evaluation  of  the  Integral. 


In  this  section  we  shall  evaluate  the  integral 


ikR 


(2.1)  1-fl'^'     V  ^f 


^ 


where 

R 


^^^  +  a^  V"^  -  2ay  cos  (  ^  -  f/cc )    . 


We  restrict  our  considerations  to  real^  since  the  integral  will  clearly  not 
converge  for  complex _^  . 

The  usual  method  of  handling  Improper  integrals,  namely  to  trans- 
form the  path  of  integration,  is  not  suitatle  here  "because  R  has  an  infinite 
set  of  "branch  points;   these  are  the  solutions  of  the  transcendental  equation 
R  =0.   The  device  which  we  shall  use  in  evaluating  (2.1)  consists  of  replacing 
the  integral  along  the  helix  hy  a  douhle  integral  over  the  enveloping  cylinder 
of  the  helix;   this  leads  to  a  Bessel  function  solution.  Heuristically  we 
could  accomplish  this  hy  means  of  a  delta-fujiction  /(t)  of  period  2n  having 
the  properties 

At)  =  0     t  ?«  2rm  (n=0,  ±1,  ±  2,  ...) 

''(t)dt  =  1  for  u  <  e  <  2n 

-£ 

The  integral  then  takes  the  form 


//( 


where  in  the  right  hand  integral  the  quantity  R  has  "been  replaced  wherever  it 
occurs  hy 

(2.2)  '^  =/^^  "^  ^   V^  -  2ay>  cos  ^f-cT). 

We  now  expand  i  (t)  in  its  Fourier  series 


At) = :5 


int 


e 
n=-«o 


interchange  order  of  summation  and  integration  to  oljtain 


Oo 


:=>    y./-^/^-^^^^  .- 


-7- 


An  interchajige  of  the  order  of  Integration  then  permits  us  to  eraluate  the 
integral  tjy  known  Bessel  function  formulae. 

We  shall  achieve  this  same  end  tsy  replacing  the  delta-function  tijr 
the  better  hehaved  Poisson  kernel  [^iP'^lJ   •     We  define 

(2.3)  I(l.r)-y      d?y     4*^   e-^^    ^   P(r,<r-?>i) 

where  P(r,  o")   is  the  Poisson  kernel 

1       1  -  r^       _  1  ^>~   |n(   intr 
1  ♦  r  — 2r  cos'' 

For  0^r<l,L<  oo  ,  andy>>  a  the  doahle  integral  is  absolutely  integrahle 
and  hence  the  order  of  integration  may  "be  interchanged.  By  well  known  proper- 
ties of  the  Poisson  kernel 

lim  /    d^  e^^   ^--  P(r,  cr-  ?^)  -  e^^^  2-^- 

uniformly  for  -L  <  ^  5  L.  Hence 

(2.U)  I  =  lim    lim  l(L,r) 

if  this  limit  exists. 

We  wish  to  show  not  only  that  the  limit  of  (2.U)  exists  Ixit  that 
the  order  of  this  double  limit  may  be  interchanged.   In  order  to  accomplish 
this  we  shall  prove 

a)  lim   l(L,r)  exists  for  each  r(0  <  r  <  1) 

b)  lim   I(L,r)  exists  Tiniformly  in  L   for  (0  <  L  <  oo)  . 

r-*r 

Since  the  Fourier  expansion  of  P(r,  <t')  converges  uniformly  in  (T'for 
each  r  <  1,  it  follows  that  we  can  interchange  the  order  of  Integration  and 


siunmation  and  so  express  I(L,r)  as 


n=-«.         ^  -L        J  0  '^ 

In  order  to  establish  (a)  we  first  examine  the  Individual  terms 
of  this  sum.     For  the  ca&e     {/ -  n/oc  )   >  k,  we  make  the  substitution 

^    =     /  a^  */>^  -  2a^  cos  (f  -  <r)       sinh  (y^-  /) 

^    '     y   e.^  +/2  -  2ay<?  cos  (^  -  cT")   cosh  (y^-  /) 


where 


sinh 


/ 


k= 


Then 


i/"  n/oc)^    -^  k  ;f  =  f  sinh  \i^  , 


where  we  have  set 


(2.6)  f   =j/a^  y^  -  2y  cos  (^-cr)    /  (^-  n/oc  )2  _  ^2 


Hence 


where   /.   and   -/_  are  defined  by 

L  V  a^  +/2  -  2a/  cos   (^  -  c)       sinh  (  ^/^^  +  /) 


L  y  a^  +/^  -  2s.j>  cos  (^  -  ^)       sinh  {  I^  ^  i)     . 
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J    "being  defined  as  above.     We  now  transfoiB  the  path  of  this  integral  to  the 
line'^=  in/2.     Then  "because  of  the  fact  that  the  integral  along  the  line  join- 
ing (-^,  o)  and  {^,   iTT/2)  goes  to  zero  as   Z-^:iroo  ^e  get 


(2.7)   J  ^     ^ 


t(J-  nJMi  )f      e 


ik^ 


7t 


00 


2  Z  (  ^  ) 


The  last  eqiiality  can  "be  found  in  {^5,  p.lS2,    (7)J. 

It  is  clear  from  the  a'bore  argoiaent  that 

where  P  is  the  sum  of  the  two  paths   indicated  on  the  a«con5)anying  figure. 


iri 
2 


-// 


For  y  >  a,  the  integral 


z 


l 


J    df  e^^«^=^f 


Fig.  1 


converges  to  zero  tiniformly  in  0^  as  -t   /-~^°^  This  incidentally  shows  that 
the  order  of  integration  in 


r^^i^ 


d^    e^-^^     e];^  ,in(^- <?/-) 


"0  "-<«  ■  '^ 

May  "be  interchanged.     Ve  can,  however,   easily  o"btain  an  upper  "bound  in  the  value 

of  this  integral  over  P.     In  fact  the  integral  from  (  ^,   o)  to   (-^,  TTi/2)  is 
bounded  by     t  ^^^^  ^     5  whereas  the  integral   from  (^,  TTi/2)  to  (00,  7x1/2)  Ib 

"bounded  by  — 


I 


How  for  sufficiently  large  n,   fixedyS  ,   and  fixed  />  >  a. 
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5    >  c    Inl   .     Hence  In  thl 


s  case 


(2.8) 


^2Tt 


d  K   ( 


*  ^'''^  -L  ^^  I 


2"      1/^   e^H.  ln(^-r/«<) 

■  ■  '  ■     O 


d<r  e 


7t 


A  similar  argument  shows  that  (2.7)  and  (2.8)  hold  equally  well  for(y?-  n/«x:)  <  -k, 
Por  the  case  (/^-  n/»^)   <  k   ,  let 


<*  =^a^  v'^  -  2ayco8  {f'-cr)   sinh  (Y^-  /) 
7f  =  /a^  V^  -  2a/'  cos  (^-  <r)  cosh  (^-  /') 


where  now 


sinh 


/'»     >^-W- 


A^  _  (^.  ^/^)' 


cosh 


/I 


/  k2  -  (/-  n/«^)2" 


Then  for 


we  hare 


so  that 


f   =  /a^  -y  ^  -  2y  cos  (5?  -  cr)    /  k^  -  (y?-  n/k:)' 
l(y3  -  n/^)f  +  ik;^  =  if  cosh  >)^  , 
ik;^ 


d?  e^^^-^/-^)  i 


-L 


n 


4i' 


The  difference  between  this  integral  and  the  integral  from  (  -oo_  tn/2)  to 
(-17T/2)  to  (1^/2)  to  (00  +  iTT/2)  is  the  integral  orer  the  path  P»  shown  in  the 
accompanying  diagram. 


-/,' 


'■?      ^' 


P' 


u 


-u- 


Tory  >  a,   the  Integral 

conrergee  to  zero  miiformly  In  ^  as /. ,  -/_— ?oo  .     Hence 

^^  ^  J-O,-   lTT/2 

"TTi  H^^^    (   i') 

(see   [5, p.   ISO,   (8)]) and 


iner 

e 


ITdw  Tjy  the  addition  theorem  for  3es8el  foactions    [5,  p.   361J   for  /*  >  a 


Aisr-oo 


iae 


and  these  series  converge  tmif  omly  in  0  , 

Suhstituting  these  series  in  the  ahove  Integrals  ve  obtain  tor  P  >  a 

=  2  I^^/TW^P"^  a)  K^(/(/5-/»/^)2-k2^.^»^   If  ^  .  n/<)2  >  k^ 


-12- 


Now  it  can  "be  shoim  I  3,   p.U6j  that  I   (x)  K-(3c)  la  a  nonotoalc 

dacreasing  function  of  z  which  assumes  the  value     7—    at  x  «  0.     Since     in 

En  • 

addition,  Kj^(x)  is  monotonic  decreasing  In  x,  it  follows  that 

for^>  a.  Comhining  this  with  the  above  result  and  the  inequality  (2.2),  we 
obtain  for  fixed^  and  fixed  /?  >  a. 

ik;e 


(2.12) 


i/-L   Jo 


d.(r   6 


i>^f   e^I in(^-^/-C) 


<  S 


for  sufficiently  large  n.   It  follows  that  llm   I(L,r)  exists  for  r  <  1  and 
y  >  a,   in  fact  ^"^** 


(2.13)     lim  I(L,r)  =  >  r'^l   Iflr  1  (  ^  a)  K  (  f  J>)   e^''^ 


n    n    n   n- 


n  =  -on 


If  for  a  particular  n,  V     is  imaginary,  then  the  corresponding  term  ln(2,13) 

is  to  he  replaced  hy  2n^  1  r'^e^^^  J  (r  a)  H^^^r  /)  where  r  =l/k^-  (/5-  n/oC)2. 

nn         nn  n'  i^         ' 

9e  shall  in  the   future  write  the  series  as  above  and  leave  to  the  reader  the  inter- 
pretation for  imaginary    \  ^^  . 

In  order  to  evaluate  llm     llm     I(L,r)     we  refer  back  to  an  earlier 

paper  on  the  helical  wave  guide    [3,  p.   U6j.     It  was   there  shown  that  for  n  >  0 


^     /         ^2  .     K'(v) 

(2.U)^^1*^    <-     ^    ^ 


V-      n-        '^  ^^    '  7r*  ^^^^ 


Hence 


and 


K.(V) 

FTTy 
n 


<    .    J    1*    1-    <     .    £ 


V'^<V'o)U^i 


for  (v  >  v^)  . 


This  coupled  with  the  earlier  mentioned  fact  that 

I   (v)  z  (v)     <     i- 
jjN    /     n.  2n 


-1> 

glree 
(2.15)  y  ^na)«a^^n>*)  <  fe  ^7^^ 

Since  I_^(^jja)  Kr!'^ x/^   "  ^n^  ^n*^  ^n   V*'^'  *^  series  2.13) 
is  majorized  ualformly  in  0  <  r  <  1  Ijy 


Thus  tor  J>  >  a, 
(2.16)      lim  lim  KL.r)  «=  ^^  ^  '^^^  !«( '^^a)  J=^«(  ^^Z )  • 

Finally  we  shall  eataljllsh  (1)),  namely,  that  the  lim  I(L,r)  exists 

r^l" 
uniformly  in  L.  To  this  end  we  define 

h(r,«r)  =  P(r,  <r)  for  P(r,  (T)  <   e 

=  fc  for  P(r,  <r)  >  €■ 


-TT  "<'• 


a(r,€:)  =  1  -  /    h(r,<r')  d<r 
P(r.cr)  -  he(r.<r) 

Se^'.'^^-  — T!:^ — 

It  is  readily  seen  that 

''2n 

g^(r,  <r)  drr  «  1 

0  <  f  (r,  CT)  :S    €_.   <  e 

e       aCr.fe)  -  1  -  are 

and 

a(r,  €)-^l  as  r-^l~ 

How  f^(r,<r)  and  g  (r,^  are  continaous  ftinctions  of  period  2n. 

Further  f  (r,  O  is  of  total  variation   i  ^\     over  any  interval  of  length  2n. 


Ozx  the  other  hand  kA^,  <r)  is  a  needle-like  function,  ▼anlshing  outside  of 
an  Interral  of  length    /  (  €,r)  ahoat  the  origin,  heing  otherwise  positive 
valued  and  enclosing  a  unit  area.     It  follows  that  any  integrad  of  the  form 


r 


g  (r,  a-)  w(<r)  d<r   differs  from  w(  o )  hy  less  than  the  oscillation  of 

w(<r)  In  the  nonr-«ero  interval  of  gg(r,  <^,  It  follows  from  known  properties 
of  P(r,  (T)  that  i  (e  ,r)  approaches  sero  for  each  €.  as  r-^l"  « 

Ve  write  I(L,r)  as  the  sum  of  two  integrals 


l(L,r)  «  a(r.  €)y    d^y    dcr  e^-^^   5__  f^  (r.  cr-  i^/^c) 

*  a(r.  ey      i^    j     ^r  .^^     2-^-    g^  (r,  <r-  i^l^c)  . 
Expanding  f     (r,  ^)  in  a  Foxirier  series,  we  ohtain 
(2.18)  f  (r,  (^  =    >       V^»  ^^  ^^'"'^ 


n 


where 


,  Var.f^  5^ 

U  (r.€)       <      i    <    —    2e 

I  "qN    t      /  I     _  _         -     n  a(r.  €: 


-     n  a(r,e; 


Suhstituting  this  into   the  first  of  the  integrals  of  (2.I7)  and  interchanging 
the  order  of  summation  and  integration  (finite  limits)  gives 

a(r,e)y      d^/        dT   e^-^^      2_ f^  (r,  (T- ^/^) 

(2.19)  ^ 

rinally  if  we  c^mhine  this  with  the  inequalities(  2.12)  and(2,lg)  we  see  that  the 
series(2.19)  la  majorized  "by 

'  i-  <<:c 

?  "1 


-15- 


which  converges  to   sero  vlth  €  unif oraljr  In  L  for  fixed/  and  fixed />  >  a, 

-ika 


The  second  integral  in  2*17)  agpproaches 


L'-"' 


i/flf   £ 


s 


a« 


r->l~  .     Jarther,  we  note  that  the  oscillation  of  e"        in  the     /(  6  ,r) 

interval  about  (r=  t^joc    is  "bounded  "bj 


Hence 


J-'-L        J 


7>(r 


m 


^(e.r)  <    -|    /(6.r)     . 


2n  .Of      J^'^ 


-L 


d)^    e 


l/»?      e 


-<°2 


/(6,r)    /°° 

J  -00 


;?2     '  '3 


A^.r) 


llcR 


vmiformly  in  L.     We  have  finally  that 


C,  € 


Since  6  is  arbitrary  and    <^(£,r)  fi5)proaches  zero  as  r-^l~  ,   it  follows  that 

liffl     I(L,r)  exists  uniformly  in  L.      This  concludes  the  proof  of  (h).     Combining 
r^l" 

this  with  (a),   it  follows  from  a  well  known  theorem  on  interchange  of  limits  that 


I  =  lim    lim      I(L,r)     «  11m     lim     I(L,r) 
!,->«.    jp-»l"  r*l~  L->«9«« 


00 


fory  >  a.  /i=-oo 

It  should  be  remarked  that  for  a  point   inside  of  the  helix,    i.e.  J> <,  a, 
the  vector  potential  components  can  be  obtained  by  simply  interchanging  a  6xA  fi 
since  these  two  variables  enter  symmetrically  in  the  integral  I« 
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3,  Slectromagnetlc  Tleld  SxpreBsions. 

In  the  prsrlouB  section  it  was  shown  that  the  integral  I  converges 
for  P  f  a..     We  now  define 


(3.1)  i(/.:^)  -y        if  e^^^    t 


00  ,  ^^    .ika 


00 

0 


f     ■•■  a     +y     -  2a/'co8   (y»-  ?*/«<.)     and^  is  real.     It  remains  t 
show  that  this  integral  converges  tor  J*  =  a  provided  that  <p  ^  0^   that  is  for 
a  point  not  on  the  helix  itself.     This  will  he  a  hy-product   of  oar  investiga- 
tion into  the  derivatives  of  l(^,   ^  )  with  respect  to_/'  and  ^  . 

For  any  pair  of  values  (/*  ,  ^  )  different  from  (a,0)  there  is  a 
neighborhood  of  this  point  in  which  B  is  hounded  away  from  zero.     Further  fi 
is  essentially  equal   to  \^\  for  largel^l.     Hence  for   the  points   (/',^)  of 
such  a  neighhorhood  any  integral  majorized  "by  M/R^  {/^>  l)  will  converge  \mi- 
formly.     This  is  clearly  the  case  for  all  derivatives  of  the   integrand  of 
l{,J>  tf)  with  respect   toyo  and  ^.     It  follows  that 

ikH  i^o   A 


(3..)      f,P    i^h^^'^],fi.^^^{l 


when  R  is  obtained  from  R  by  replacing  />  by/'  , 

Suppose  now  that^y"  =  a  where _/>  ^  a.  Then  since  iC/^t  ^)  con- 
verges, the  right-hand  side  of  3«2)  can  be  written  as  the  sum  of  two  convergent 
integrals;  hence  I  (a,  <p)   converges  for  ^fO,     Whether  /O  =  a  or  not,  the  inte- 
grand of  the  outer  integral  on  the  left  hand  side  of  3.2)  is  continuous.  Hence 

r  f^    r^  1  /•'*' 

where  <^fo\(f(l>']     designates  the  partial  derivative  with  respect  to  p  [  gjj  , 

It  is  clear  that  a  similar  argument  applies  to  all  derivatives  of 
I(y,  9)   with  respect  toy* and  ^  .  Further  we  now  know  that  I  converges  for  all 
points  that  are  off  the  wire.  This  is  clearly  Independent  of  the  coordinate 
system  used  to  express  the  point.   It  follows  therefore  by  precisely  the  same 
argument  as  above  that  the  derivative*  for  the  components  ofTTwith  respect  to 
x,y  and  z   can  be  obtained  by  differentiating  under  the  integral  sign. 
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In  order  to  evaluate  the   deriTatlres  of  !(/',  ^)   toxj^f  a,  ve  recall 
the  lnequality(2,15)  which  shows  that  the  series  expansion,  for  l(_/*,  ^)    [see 

(2,20)J    differentiated  termwise  with  respect  to  ^  ,   Is  aajorlied  "hgr^^Z/'/a}       for 

-co 

^<  a  and  by^_  (a/^)       for/>  a.      It  follows   that    L  I(  P,  <p)  can  he  ohtained 

—  CO 

by  termwlfe  differentiation  of   the   series  expansion  i.OTj>f  a. 

A  similar  result  holds  for    4>  iCyt  ^)«     Here  we  make  use  of  the 
inequality  (2.1U)   for  the  ca8ey>>  a.     Thaa 

V  '^  /    a,   the  functions  -^^i/l  •♦•     7  ,  m     are  unlfornxly  bounded  by  some 
-     n  '  ▼    ^  nTn-l) 


For 


positive  rnimber  M.     Hence 


P    I   (P  a)Z'(r    />) 
n     n      n         n       n^ 


'-    ^n-'n'^'^V^^     ^    V*/-)'       ■ 


80  that  the  series  expansion  for  l(/>  ,  ^)  can  be  differentiated  tennwise  with 
respect  toy  in  ca8ey>  a. 

Finally  for   /><  a,  we  make  use  of  the  corresponding  inequality  for 
the  I     function  (n  >  0)  [8ee(3.32)j 


(3.3) 


-  /i*  -'   <  1  ^  <  ^  rn. 


for  V   ^  I    a,   the  functions     —    1  *     —s    are  uniformly  bounded  by  M'/v  for  scHse 
-     n  ''y  vT 


positive  number  M'.     Hence 

80  that  again  the  series  expansion  can  be  differentiated  termwise  with  respect 
to  />  in  the  easeP<  a. 
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It  can  now  "be  readily  shown  that  the  components  of  the  vector  poten- 
tial (and  hence  the  electromagnetic  field  conponents)  satisfy  the  wove  eqtiation 

at  all  points  (z.y.s)  not  on  the  helix.  In  fact,  since  we  can  differentiate 
under  the  integral  sign  this  amounts  simply  to  showing  that  the  quantity 

.      ikr  r— 5 ~ ~ 

e~     •S-j-  where  r  =  /(x-^)  +(y-^)  +(z-f)^  satisfies  the  wave 

equation  (Note  that  k^  ^e/^u?-), 

Ve  shadl  conclude  this  section  hy  o'btaining  explicit  expressions  for 
the  field  components  from  the  farmilae  (1.2)  and  (1,6).  We  first  transform  the 
integrals  of  (1,6)  and  (l.j)  .  Then  we  have 

X   =  ale^^^/d.^    e^-^^  ^  sin  (9^  -  «Ac  -  f/«  ) 


ilM 


X 


y 


al 


^ij  zj^^^     ^%^^      a^  ^^^  ^^_  ^/^  ^  ^/^  J 


r 
ikr 


1,      '    «T.^^'/d?  .'-'^     4 


where 


=  aF 


r  =y^^  +  a^*/»^-  2&j>   cos  ( ^  -  t/«  -  f  /  »<^)  . 
We  first  compute  E.  Now 

eV''^  e^-^^  4  (e^)/-acos(j^^-,/<-^/<)  ^^^^^^  ^^_  ^/^j 


=  aT  e^  /  a;  e 


ikr 


sin  (^  -  t/oC   -  f/<  ) 


-19- 


Combining  the  terms  in  V*  ''  and  making  the  appropriate  cnnnellations  gives 
(3.5)  V'T  ^  t/~l^^  . 

Since  B  =  V  (  V*  IT)  +  k^  71  ,  we  have  f  ory  >  a 

.  ^  k^ar  eV^  "S  ^n.l^^n-^'n-l^V>-W^n-^^-l^^^  ^in(>. -./^O 


ii=-«> 


«r  -  3^^^  "^.  *  ^'l 


y^  OF— oo  n      n      n      nr 

*  imk^  ar  e^-^  ^  V  ^n-l^^"Vl^^n>^  "  ^^1^  ^n^  Vl^^n^^     in(f  -z/cc) 

(  5  6c)  ^^ 


n=-oo 
oo 


-  imi^  7  e^^«  ^m  y  r^a)  K^(r  ^y^  e^^^^  "  "/^^  ^       . 
n=-oo 

The  electric  field  components  for/'  <  a  aire  very  similar.     One  can 
obtain  the  magnetic  field  components  directly  from 

H  =  ia^e  V*  IT     , 

Since  we  shall  have  no  occasion  to  use  these  in  the  present  paper,  we  refrain  from 
writing  them  out. 

k.   Determination  of  the  Phase  Velocity. 

In  this  section  we  shall  determine  the  phase  velocityy6  so  that  the 

electric  field  along  the  helix  is  'essentially*  zero.  Since  we  assume  the  helix 
to  he  a  perfect  conductor  this  is  the  proper  boundary  condition  for  our  problem. 
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The  electric  tteld  in  the  helical  direction  at  any  point  ( /*,  ^,  z)  is 

In  order  to  approach  the  helix  radially,  we  set  ^«  b/oc  in  U.l)  and  try  to 
detemine^^  so  that  lim  1  «  0,  We  will  suppose  that  Z'  >  a;   the  case  ><3  <  a 
Is  entirely  similar. 

Because  of  the  singular  nature  of  the  field  alsout  an  infinitely 
thin  conductor  we  cannot  actually  choo8e_/5  so  that  lim  S.  »  o.   Since  S 
hecomes  infinite  asyo-^a,  the  hest  we  can  do  is  to  determine  the  proper  phase 
velocity^  so  that 

(U.2)  lim    Is 1 „     0 


(^.3)  IE    =         ^^^         ~       -         —     -^ 


For   ^-  z/=<  and  /•>  a,  IL    can  he  expressed  as 

y  y^         n   n    n   n 

ima^     .2  ,  ^i^,  y-  ^n-l^^n'-^  Vl^^n^^  *  ^n^l^^^^Vl^^n^^^ 


^/?T^ 


k"  1 


/J^ 


a  -*-oC  rj  =  -oo 


2  ^ 


*  Uni      *     (3-  1)  F  e^-^'  y  in  I  ( T  a)  Z  (r  .)  . 
,/  2    2    -^  /il—    n   n    n   n-^ 

V 


|/^2^-2 


'a  "♦•<<.  /js-<» 

We  shall  first  prove  that  the  last  term  in(U^,3)  approaches  zero  ei8/3-»a. 
In  its  original  integral  form  this  term  hecomes 


/**"         IkE 


aside  from  a  factor  independent  of  y  ,     Here 

E 


/f  ^  +  a^  ♦/^  -  2a^  COB  ^/«: 


-  ai- 


ls an  even  fanctlon  of  <^  .     The  e  can  "be  expanded  as 


Since 


^        IkR       ,     ^ 


9^^^      =  coB/sr^    +  1  sln^?"  . 

Is  odd,   its  Integral v&nl she 8.     Hence 

IkB 


-  Oo 


We  note  that 


1^1       </^r^Ma-^)2       <     R. 
It  follows   that  there  exist  constants  C]_  and  Cp  such  that 


IkR 
< 


<J^       .         forl?|>     I. 


^2*  (a-y)2 


,  for  l^li'and  J/7-al     <  1. 


Therefore  we  have 


J(/)  <  (^-  1) 


too 

c. 


2/    ^     d?    +  2 


>^     °2    ^' 


[^^Ma'-y^)^] 


nl72 


d? 


(3-) 


2c,*2^c^^W(lA^i|-=^l^W 


)- 


1/2 


[l  •..  (a^y  )2] 

+ 
which  approaches  zero  as_^-^a     . 

In  determining  the  limit   of  IL    asy^-^a     ,  we  can  therefore  omit  the 

last  term  in(4^.3).     We  denote  hy  BJ   the  thus  abhreviated  K  .     We  now  define  the 

function 

oo 

Then  for   f  =  z/oc  and  _/>  >  a,  we  have 


(4.5)  E^  = 


4n  P  e 


ij3  z 


t/T^:? 


^=Oc=-^=)rL(/y)  *  aV  n(^-iH,fM(,fi*i/^y) 
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It  ttirzis  out  that 


(U.6) 


80  that  ve  oaa  hardly  expect  to  obtain  a^  for  which  11m      X. 
shall  also  prove  that 


0,     However,  we 


(U.7) 


Hence 


11.^  md^    -     1. 


11m 


V^) 


^^(k^-^g)  ^  aV 

2         2 

and  toT^  -^  fjS     ^   this  Tanishes  if  and  only  If 

oc2(k2  -/2j  +  aV     -  0 


In  other  words  the  correct  propagation  constant  ^     Is  simply 


(U.8) 


^c 


=     tk 


i/Z??" 


Ve  now  proveCU.S).     In  order  to  do  this  we  make  use  of  the  in- 
equalities (2,  lU)  and(3.3),  from  which  it  follows  that 


K'(t) 
n 

n 


i;(t) 

n 


<  h 


A^^srSr   -lA* 


iCn+i; 


The  expression  on  the  rlg^t  is  monotonlc  decreasing  achieTlng  a  maxlmom  of 
1 


n^-l 


at  T  *  0.  Hence 


n    n 

and  since  I  (O)  K  (0)  »  L_  ,  we  obtain 
n    n      2& 


n=-l 


\s  i  V'>  M")  i  h  '   ^^"  -'^ 
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rinally  for  sufficiently  large  Inl, 


and  hence 

^n^  ^n*^  K^  ^n*^  -  -^  a-*^^   • 

Since -O^i^  ,/> )   conBlats  of  positive  contimious  terms,  monotonically  increasing 
a8y?->a  ,  we  have  2 

which  diverges. 

We  shall  next  establish  0+. 7)  also  "by  means  of  the  inequalities  fe.lU) 
and  (3.3).  Sow  clearly 


^^[l^(va)  K^(vy)]  IJ[(va) 

I^Cva)K^(vy; 


I^Cra;  -^-   Z  (vy) 


2     ^A^^*> 


Ival   Cva^     "^ 
It  follows  from(2,lU)  andC3.3)  that  for  n  >  0  and  v  ^  0 


}^[l^(va)  gjvy>)]       , 


2         n 


f/ 


m^ 


V 


2         n 


(V)' 


*    Ij^ 


^    7<l/^  *    ^ 


-FW]<  - 


for  /)>  a.  Likewise  (n  _  0  and  v  ^  0) 

I 


^(va)yv^)]   >   (^A      (.a)^-    ^r^ 


_2l4- 

It  is   easily  shovra  that  the  fvinction  within  the  "brackets  is  negative  monotonlo 

increasing  xot  J>>  a,   achieving  a  miniBum  of  ( ^[Z    "  ^)  "*"  \/ — t  ^  Mat  v  =  0. 

\  n    -  1  ' 

Hence  ^v[^n^^^^  \^V^]       >     .^  ^ 

I   (va)  K  [y/>)  ~  n 

n  n.   y 

^  -  a^)  ^  U^  ^  ag; 
n    -  1 
derivative  from  v>0tov+A>0we  obtain  for  n  >  0 

n  n  ^ 

and 

I     [(v+A)a]  K^  [(v^Zi)/.]      .       --^I^      -A)' 


when  6(J    =     -r/- r \A .     If  we  now  integrate  the  ahove  logarithmic 

n  2   . 

n  -  1 


and 

——, ^-—-7 , -  e    -  for  A<     0 

n     n  -' 


Finally  hecause  I  (va)  K  (v^  "  ^  ^"^^^   ^-(■»"/)t  *lie  above  in«qualitie8  hold  for 
•"H     — n  -^     n     a    ^ 

n  i  0  If  we  replace  n  in  tt;  by  |n|.  We  can  combine (4,9a)  and (U. 9b)  into 

n     n  -^ 
for  all  n,  v  >  0,  (v  +Zi)  >  0,  andyO>  a  where 

It  will  be  seen  from  the  expression  forSL{/3 ,  P)   that  the  appropriate 
values  for  v  and  (v  +  A)  in  Ij^(^a)  K^(v^)  are 


n 
and 


"-  -  M-l''-'^'   -  r 


(1) 


Hence 

v2     2  _  ^  2   ^2     2n 


'-*<  -<  -n-K  -  f  <^=-A)- 
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It  is  clear  that  e(y .a)  is  the  sum  of  two  parts,  one  of  which  is  of 
the  order  of  (/-a)  and  the  other  of  the  order  of  —  .  Hence  given^  ^      and 
^  >  0,  there  exists  an  N  and  a  d  >  0  such  that  for  |n|  >  H  and  0  </ -a  <h 

The  finite  sums ,  \  Ij^C  P  ^  a)  K^(  P  ny*)  •  remains  \mlformly  "bounded  a8y?->a+, 
whereas  the  remainder  of  the  sum  hecones  Infinite  as^-^a*^  .  Hence 


N 


oo 


where 


and 


)    I  stands  for  the  running  term 


(e^-  e-'Z) 


It  follows  that 


11m  ^ 


1  - 


-  0  +  C^i^-e-'?)  , 


and  since  '^  Is  arhltrarily  small,  we  have 


lim 


*  QXj&^.f) 


1. 


_/>-»a 

5.  Conclusion. 

The  net  result  of  oar  investigation  has  been  to  ohtain  expressions   for 
the  electromagnetic  field  which  satisfy  the  Maxwell  equations  away  from  the  helix 
and  which  satisfy  the  appropriate  boundary  conditions  along   whe  helix. 
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Ihe  propagation  constant   In  the  azial  direction  was  foandC^.S)  to  be 


(5.1)  A 


-    k 


^ 


,2-«2 


0  oC 

which  corregponds  precisely  to  the  phase  velocity  one  would  obtain  if  the  ware 

traveled  along  the  helix  itself  with  the  free  space  velocity  of  propagation. 

In  case 
(5.2)  ij-  niocf  >  k2 

for  all  n  (n  =  0,  -  1,  -  2,  ... )  none  of  the  terms  in  the  expansion  of  the  field 
equations  are  vumodlfied  Hankel  fvmctions.  As  a  consequence  there  is  no  net  radial 
flow  of  anare7.  On  the  other  hand  for  a.  given  helix  there  is  a  series  of  frequency 
hands  for  which  the  inequality  (5.2)  is  not  satisfied  for  all  n;   in  this  case  a 
finite  number  of  Hankel  function  terms  do  appear  in  the  field  expressions.  It  can 
be  shown  (see  the  appendix)  that  these  terms  do  cause  a  net  radial  flow  of  energy. 
One  night  expect  this  phenomena  to  be  reflected  in  the  propagation  constaint^  ; 
that  is  one  would  expect^  to  be  complex.  More  precisely,  unless  there  is  a  source 
of  energy  within  the  wire  itself  one  would  tpcpect 

.   V         "Y     (  a)  s     —      Bnergy  radiated  per  unit  distance  in  t   direction 
KO'i)  ±rr\\J>f         2         Energy  flow  in  the  z  direction 

However,  the  computed  vadue  of(5J)  is  consistent  with((5,3)  for  it  can  be  shown 

(see  the  appendix)  that  i^ereas  the  energy  radiated  per  unit  dlstazice  in  the  s 

direction  is  finite,  the  energy  flow  in  the  z  direction  is  infinite.  As  a  matter 

of  fact  not  only  is  the  total  contribution  of  the  set  of  terms  satisfying (5, 2) 

infinite,  but  the  contribution  of  each  of  the  radiating  terms  to  the  energy  flow 

is  itself  infinite. 

In  spite  of  the  physical  reetsonableness  of  our  result,  there  is,  in 

the  case  of  the  radiating  helix,  reason  to  be  dissatisfied  with  it.  If  (5. 2)  is 

satisfied  for  all  n,  the  escpansion  which  we  have  obtained  can  be  used  for  helices 

with  conductors  of  finite  thickness.   One  could,  for  instance,  replace  the  delta 

function  of  section  2  by  a  finite  needle  function  (say  P(r  ,  <r')   with  fixed  r  <  l). 

0  o 
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The  helix  would  then  he  constructed  from  infinitely  thin  tape.  For  instance  I)  ^ 
would  he  of  the  type  (y  >  a) 

T  =  «F  .^^'  ^  a^  .^°'*  - '/"'  i,(  r„»)  yr^ 

where  the  (a  )  are  Fourier  coefficients  of  the  needle  fujiction.  Repeating  the 
ahove  derelopment  one  would  ohtain  a  real_^  for  the  a^  sufficiently  close  to  1. 
However  in  the  radiating  case,  one  would  not  he  ahle  to  ohtain  a  solution  in  this 
way.  For  no  real^^  would  allow  the  houndary  conditions  to  he  satisfied  \Aereas 
the  entire  development  (starting  with  the  vector  potential  integrals)  is  meaning- 
less for  complex  J>  .  This  is  also  reflected  hy  the  fact  that  a  complex^  which 
satisfies  the  houndary  conditions  would  make  the  arguments  of  all  of  the  Hankel 
functions  complex  so  that  the  field  would  decay  exponentially.  As  a  consequence 
ve  would  have  no  radiating  terms  vAich  would  he  contrary  to (5. 3).  ^^^is  in  case 
(5.2)  is  not  satisfied  hy  all  n,  one  would  expect  a  real  helical  wire  to  radiate. 
However,  one  would  not  expect  the  field  expressions  for  finite  conductors  to  have 
expansions  of  the  type  which  we  have  ohtained  for  this  case. 

APPSMDIX 

Energy  Flow  Calculations. 

The  average  rate  of  flow  of  energy  through  an  oriented  surface  S  is 
^see  1+,  pp.  U26-U29J  . 


/.• 


(6.1)  W  =    7  P  •  dS 

S 
where 

(6.2)  P=     I   '^^(SXH*). 

We  shall  compute  the  radial  flow  per  unit  distance  in  the  z-direction  as  well  as 
the  axial  flow.     In  these  computations  the  average  Poynting  vector  P  will  he  ex- 
pressed in  terms  of  the  Bessel   function  expansions.     The  expansions  for  S  are 
given  in  3.6);     the  magnetic  field  expansions  ohtained  from  H  =  -ic0  6  V  xtt  are 


^°''^'H;=-icOG(^     ^^^T-^X.) 


—    ^                            -      -        -      n-^ 
-  ImtcoaF  e^*^::fL(>3-5)  '^.^^ 2 2=^ ^ n^x       n       n^x       n-    ^. 
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Hc;  =  -luxe  (  3    iL  -   cu  IT  ) 


••^ nun  n        n 


z 
op 


^_    ^    n  n      n        n      nr 

11=  —  oc 


-  ^...  a  .  .^•^(^-n/^     V^'>Vx''V-W^..''W^^' 


n=-  oo 


<^ n  P 


-  Mneo) , 

£-— —   n 

J)p—00 

*  imecol  *^  ^M^^r'^^^*^^^  Vl^  V^-  Vl^^n^^  ^n-Hl^^n-^  ^ln(^.M). 

a.  Average  radial  flow  per  unit  distance  in  the  z-directlon. 

In  order  to  compute  the  average  radial  flow  of  energy  per  unit  distance 

in  the  z  direction,  we  choose  for  S  the  surface  of  a  cylinder _/>=  S  for  0  <  z   <  1 

and  take  the  limit  as  £-»«>,     The  component  of  P  normal  to  S  is  P  =  1/2  Re(BLH*-a  H^   ), 

th  a    1^1 

Since  the  n       terms  of  the  series  eacpansions  for  E  and  H  are  majorized  hy  (s-)       the 

series  will  he  \iaiformly  convergent.     Hence  the   integral  may  he  obtained  hy  termwise 

Integration,     The  integration  with  respect  to  ^P  will  cause  all  cross-terms  to  vanish, 

hence  we  need  only  consider  integrals     of  prodacts  with  like  exponents  in  ^  .     Further 

since  we  are  only  interested  in  the  limit  as  R-^oowe  can  neglect  all  terms  in  Fo    of 

order     — ir    wherey^>  1,     Since  all  terms  in  E  and  H  are  at  of  the  order  — ',        , 

we  can  neglect  all  terms  which  decay  exponentially  -  that  is  terms  for  which 
{jS-  n/o<)     >  Is.    -  and  all  terms  in  X  and  H  which  are  of  order  — Tz,wherey"'>     ■^  . 

2  2 

There  remains  only  the  finite  numher  of  terms  for  vAiich  Os-  n/o<l)     <  k     and  for 

these  the  significant  terms  in  E  and  H  can  he  reduced  to  the  form 
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S, 


I 


2n2  iJe'^' 


ak2  J«   (r  a)  H'(r    />)  e^^^^"  ^/"^ 
II         a         zi      IT 

'  2n2  1  P  e^-^'  [oC(k2  -^2j  ^^]  j^(  ^^^j  3^(  ^^j  ^in{^-  z/«  ) 


.2,.,„     M« 


z  n    n       n        IX      XT 


The  corresponding  term  in 


f2n 


w.  (a)  »  a  /   48 


d^  P. 


:^ 


is  simply 


Finally 


*  [<k'  -^')  *^/]    [J^(r'^a)]'  H^(^R)  H'*  (r^^) 


-2i 


Hence 


TT  ra 

n 


(/.n/e^)2<  k2  L^       ^    J  ^2  L  n^     n   'J 


w^Coo)  =  gn^e  oj] 


In  the  radiating  case,   therefore,  V.  is  finite  suid  positive. 

"b).     Arerage  axial  flow  of  energy. 

In  order  to  compute  the  axial  rate  of  flow  of  energy  we  choose  for  S  a 
surface  in  the  z  =  0  plane  consisting  of  the  interior  of  a  circle  of  radius   (a  -  €) 
plus  the   interior  of  the  ring  (a  +  € )  fy*<  R     and  then  take  the  limit  as  €-^0  and 
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and  l^-^«>.  The  component  of  P  normal  to  S  is  P  =  x  f^   (E^  H*  -  I^  H*  )  .  Again 

we  need  only  consider  product  terms  containing  like  exponents  in  ^  .  ¥e  shall  con- 
sider the  radiating  and  the  non-radiating  terms  separately.   It  will  turn  out  that 
"both  lead  to  infinite  flows;  however  the  sum  of  the  integrals  of  the  non-radiating 
terms  "become  singular  as  6->0  whereas  the  integrals  of  the  radiating  terms  "become 
singular  as  R-^<^ 

In  the  case  of  e  ^    terms  for  which  (y9-  n/e<;)  >  k  ,  we  shall  group 

its  8u"b-terms  in  powers  of  —  .  All  terms  of  order  — -jj  fory^>  1  will  converge 

^         1 
to  a  finite  sum;  hence  we  may  disregard  all  terms  not  of  order  —  .  We  will  find 

1  ^ 

that  the  tenns  of  order  —  are  all  of  the  same  sign  and  hence  the  limit  of  the  integral 

he 
as  e-^0  will/eqfual  to  the  sum  of  the  termwise  integrals. 

We  note  that  any  integral  of  the  type 


\^^l^>fy\^r.^'-f    *    ^n<^a)^/,;,r^^e 


y 


is  of  the  order  of  — ^  .  This  applies  equally  well  if  some  of  the  su'bscripts  are 

n 

(n  -  l)  or  if  some  of  these  terms  axQ   derivatives.  Hence  only  those  terms  in  X  euad 

H  which  have  factors  of  n  or  P  will  lead  to  terms  of  order  —  in  Pg.  We  write  the 

significant  part  of  these  terms  "below  tor y>   a  (z=0) 


K, 

TbUB 
2 
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JIow  it  Is  clear  that  the  first,   second,   and  fourth  terniB  vfithln  the  "bracket  are 
all  of  the  game  sign.      It  is  further  readily  shown  that  the  integrals  of  these 


terms  are  actually  bounded  from  "below  "ty    —    for    |n|    stifficiently  large.     The 
third  term  is  the  only  trou"blesome  term  since  it  is  of  a  different  sign.     How- 
ever, we  shall  show  that  its  integral  is  actually  of  order     — ■=  *     Tor  />>  a 

n 


yfn 

Making  use  of  the  inequalities  2.1^)  axd.   3.3},  we  get 


ur,a)z'(r /) 


Further 


1  + 


2     9 
nCn-i; 


I« 

n 


7* 


-7  1  -^ 


nu+i; 


r*OT-  -r* 


n      n        n      n 


A 


lZI 


^(^=i7 


^T^ 


iCn+l) 


-  A_ 


where 


fn» 


-  A 


1  + 


iTS^iT 


-  i/i  - 


n 

nu+i; 


c 


j/ntn^n 
Using  the  right  hand  side  as  a  dominating  ftinctlon  it  is  readily  shown  that  the 

integral  of^  times  the  quantity  6.U)  from  a  to  00  is  of  the  order  of  -i—  ,  A 
similar  analysis  applies  toTyo  <  a.  It  follows  that  aside  from  a  finite  part  W 
consists  of  an  Infinite  number  of  terms,   each  hounded  from  "below  "by   I— |(for^  >  O) 


and  hence  the  non-radiating  terms  contriTjute  an  infinite  flow  in  the   fsign  {yd  )] 
E-dlrectlon. 

finally  we  compute  the  contri"bution  due  to  the  finite  set  of  radiating 
terms  in  the  expansion.     Here  we  consider  only  the  highest  order  terms  in  y  , 
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JoT  y>  a 


h 


2n2r(  ^   - 


a       n      n         n       n 


H^-^  arr'^cjeiT 


una        n      n 


Thus 


P   ^2n^(0€:\T\^ 


t^(kV/wJ 


•     J^(  ra)  ♦  J»(  ra)2 


r\ 


n      n 


n       n 


^j-K>\^'yA 


Finally 


|H'(r    />) 
1    n       n-^ 


"^    • 


It  follows  that  each  radiating  term  contriTjutes   to  the  axial  energy  flow  an 
amount 


fa,/" 

J  0         Jo 


This  concludes  the  discussion  for  the  axial  flow  of  energy. 
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